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element in the range, and the basic properties of composition of functions. 
After having taught the "classical" calculus many times several years ago, 

it was a pleasant surprise last year to find that many of the modern innovations 
add considerably to depth of understanding. It is not difficult to impress upon 
one's students that whatever formal definition is used for function, it must be 
such that the domain is specified, a range is specified, and that to each element 
in the domain there is assigned one and only one element of the range. Further- 
more, it is easy to see that giving a definition as a subset of a Cartesian product 
of sets is an easy way of accomplishing this purpose. Just as one uses theorems 
to build further mathematical structures instead of always reverting to axioms, 
one uses the properties of functions, once they have been established, instead of 
always reverting to the definition. 

The simple device of 
(A->B 

f Xxf(x) 

avoids many ambiguities and in making notes for a calculus class it was found 
that often only function values were used in a discussion and it was not necessary 
to mention the functions per se. 

It seems that there should be no difficulty with good definitions in referring 
to real-valued functions on some subset of the reals as being increasing or de- 
creasing. It may be important to have this concept independent of the physical 
idea of the point moving up or down. From a sound modern point of view on the 
"scientific method" it is necessary to have available in the mathematical models 
a definition of function in order to express the physical concept of variable or 
the statistical concept of random variable. 

As for the function f: x->log sin x, it is important to specify the domain. In 
elementary calculus, this must be a subset of {xf 3kEZDO<x-2kir<ir} 
where Z is the set of integers. This point is also worth laboring. 

It is quite likely that in 1905 a sound argument could have been made that 
the horse could do everything a car could, and better, and without all the 
expense of building special trails. A transition to better concepts should not be 
influenced by a few mistakes along the way. 

A REPLY TO "A DILEMMA IN DEFINITION" 

H. A. THURSTON, University of British Columbia 

C. P. Nicholas' [1 ] first sentence is true: many text-books of calculus do place 
the student in a quandary over the word "function." But his third sentence 
"The result is an ambiguity which even the most careful writers are unable to 
avoid"-is false. The most careful writers can and do avoid it. Would that more 
of them (or, rather, fewer of the others) wrote calculus texts! 

Part of Mr. Nicholas' trouble is this: the logical analysis of a familiar and 



1260 MATHEMATICAL EDUCATION NOTES [December 

easy-to-use concept may well be unfamiliar and complicated. Function (or 
variable) is such a concept; so is number. Let me rewrite Mr. Nicholas' last two 
sentences as they might have appeared if written about fifty years ago by some- 
one who has used real numbers easily and confidently all his life, and has just 
come across the formal analysis of the concept. He might ask exasperatedly 
what a real number is, and continue 

"Some would give the title to a Dedekind section, others to an equivalence class of funda- 
mental sequences, others to a set of nested intervals. But none of these concepts (all admittedly 
important concepts) can reasonably be called a number, if the language we speak and derive 
from established literature is to play its proper role in mathematical education." 

And our hypothetical writer might echo Mr. Nicholas' "he seems to be saying 
that a set of ordered pairs is increasing or decreasing" by "he seems to be saying 
that a class of fundamental sequences is positive or negative." 

The problem of increasing functions is easily resolved. An increasing func- 
tion is not a function that increases, any more than a green-house is a house that 
is green. Quite simply, f is an increasing function if 

_ > v implies that f(t) ? f(q). 
The function arctan (or, as Mr. Nicholas would write it, arctan x) is an increas- 
ing function. But it does not increase: it is the same function to-day as it was 
yesterday, and will still not have increased by to-morrow. These two sentences 
can be rewritten with "function" replaced by "variable" and will remain true. 
Therefore anyone who is genuinely puzzled because increasing functions do not 
increase will not solve his problem by using definition (A) and calling a function 
a variable. 

It is in fact true that functions are variables, but to say so is to put the cart 
before the horse: definition (A) will not serve as a definition of "function" unless 
"variable" has been defined. Mr. Nicholas does not define "variable." A simple 
and logical procedure is to define "function" (using definition (B) or (C); it does 
not matter which, any more than it matters whether a real number is a Dede- 
kind section or a class of sequences) and then define a variable to be a function. 
Let us take an example: a particle moving along an axis. The interesting vari- 
ables will be displacement, velocity, acceleration, and so on. Let x(r) denote the 
displacement at time r, v(r) the velocity at time r, a(ir) the acceleration at time 
r. Then we have defined x, v and a as functions. And x is a variable in the follow- 
ing natural sense: if ri differs from T2 then x (ri) may differ from X (T2). 

Perhaps we should pause to clear away one possible misconception: there is 
another way in which the word "variable" is used, notably in mathematical 
logic. In statements like "if 2 +1 ==5 then =2" or "for all numbers a and 3, 
a.f=3.c," f, ea and : are "numerical variables," or "pro-numerals." They are 
essentially replaceable in formulae by numerals. For example, the second of the 
two statements stands for the whole class of statements of the form "11X2 
-2 Xl," "7 X3=3 X 7" and so on. (Of course, one cannot blindly replace them 
in whole sentences by numerals: it makes no sense to state "for all numbers 2 
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and 3, 2 X 3=3 X 2." This is because they are not merely numerical variables; 
they are bound numerical variables.) In the preceding paragraph, T, ri, and T2 

are numerical variables. 
It is not rare for a word to be used differently in different branches of mathe- 

matics (for example: "normal" in solid geometry and in the theory of groups). 
The different uses of "variable" in physics and practical calculus on the one 
hand and in mathematical logic on the other should give no trouble, but unfor- 
tunately these topics overlap in elementary analysis (or "text-book calculus") 
where the two concepts are sometimes confused. One certain cure for the confu- 
sion is to use separate alphabets, just as in this note I have used the Roman 
alphabet for "variable quantities" or "function variables" and the Greek alpha- 
bet for "pro-numerals" or "numerical variables." On this convention it is quite 
clear that X2 and sin x denote functions, whereas 42 and sin t do not. Without it, 
one has to know what x denotes: if x denotes a function, then X2 denotes a func- 
tion; if x denotes a number, then X2 denotes a number. 

Reference 
1. C. P. Nicholas, A dilemma in definition, this MONTHLY, 73 (1966) 762-768. 
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be sent to E. P. Starke, 1000 Kensington Ave., Plainfield, N.J. 07060. Proposers of problems 
are urged to enclose any solutions or information that will assist the editors. Ordinarily, prob- 
lems in well-known textbooks and results in generally accessible sources are not appropriate for 
this Department. No solutions (except those accompanying proposals) should be sent to 
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ELEMENTARY PROBLEMS 

Solutions of Elementary Problems should be sent to M. S. Klamkin, Ford Scientific Labora. 
tory, P.O. Box 2053, Dearborn, Mich. 48121. To facilitate their consideration, solutions for 
Elementary Problems in this issue should be typed or written legibly on separate, signed 
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E 2035. Proposed by Stanley Rabinowitz, Far Rockaway, N. Y. 

Can the Euler line of a nonisosceles triangle pass through the Fermat point 
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